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A QUADRATURE FORMULA INVOLVING
ZEROS OF BESSEL FUNCTIONS

CLEMENT FRAPPIER AND PATRICK OLIVIER

ABSTRACT. An exact quadrature formula for entire functions of exponential
type is obtained. The nodes of the formula are zeros of the Bessel function of
the first kind of order « . It generalizes and refines a known quadrature formula
related to the sampling theorem. The uniqueness of the nodes is studied.

1. INTRODUCTION

Given any polynomial p of degree < n and n distinct numbers x;, x;,
., Xpn, the classical Lagrange interpolation formula is

I(x)

(x =) I'(x) 7

(1) p(x) =3 p(xe)
k=1

where /(x) = ;-'=1(x — Xj). Multiplying both members of (1) by a weight
function w(x) and integrating, we obtain the quadrature formula

1 n
2) [ wepdx =Y apt)
- k=1
where |
I(x)
A = / w(x dx.
= )L o T
In order to obtain a quadrature formula valid for all polynomials of degree
< 2n, we consider the Hermite interpolation formula
n
(3) p(x) =D (p0x) b o(x) + 2/ (i) e 1 (X))
k=1

_ " (xi) x) ’
bie,o(x) = (1 () (x—xk)> ((X—Xk)l'(xk)>
and
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B I(x) 2
it == (=5t )
This time we obtain
1 n
(4) / WEP0X) = Y (ha0p () + 1 (56)
- 1

k=

where
1
As =/ w(x) l,(x)dx .
-1

If we take, in particular, the nth orthogonal polynomial /(x) = @,(x) associ-
ated with the weight function w(x), then [6] we have 4, ; =0 and A; ¢ = 4,
1 < k < n. Therefore, the quadrature formula (2) is valid for all polynomials
of degree < 2n. Moreover, the zeros of Q,(x) are the only points having this
property.

The Jacobi polynomial of degree n, Q,(x) = P,S"‘”g)(x) , 1s, with w(x) =
(1 = x)*(1 4+ x)#, an important special case . For the Chebyshev polynomial of
the first kind of degree n,

_ 22 (n!)? pl-1/2,-1/2)

Tu(x) = Gny (x) = cos (narccos x) ,
we get the Gauss-Jacobi type formula
1 n
p(x) _z (2k — l)n)
(5) /_1—1—x2 dx = p kz::lp (cos————zn .

This formula has been extended to entire functions. Let B, be the class of
entire functions of exponential type o, bounded on the real axis. If f € B,
satisfies f(x) = O (|x|7%), d > 1, then [1]

© [ rnax=2 30 g (D).

k=—o00

This latter is in fact valid under weaker integrability conditions [2]. Here the
nodes (2k — 1)n/(27), the zeros of cos7z, are related to those of formula (5)
by

(—=1/2,-1/2)
lim 7 Ll l(cos(‘cz/n)) =CosTzZ.
n—oo n—1/2
In general [6, p.167],
(a>ﬂ) [¢]
™ tim D (A2 (2,02,

where J,(z) is the Bessel function of the first kind of order «. Thus, the nodes
in (6) are the zeros of J_;y(7z)/ (rz)_l/ 2 . it appears natural to generalize (6)
using as nodes the zeros of J,(1z)/(12)".
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For the various properties of Bessel functions used in this paper, we refer the
reader to [7].

2. STATEMENT OF THE RESULTS
The function
) (‘l' Z)Zk
2042k [Tk + a + 1)

I
IMs
|

is an even entire function of exponential type 7. Let ji, = ji(a), k = %1,
+2, ..., be the zeros of J,(z)/z* ordered such that j_, = —j; and 0 < || <
lj2] £ .... We are now ready to state our main result.

Theorem 1. Let R(a) > —1. For all f € By, suchthat f(x)= 0 (|x|™°), x —
+oo, with > 2R(a) + 2, we have

/O T (f(x) + f(—x)) dx

) Lty ((2)+/ (%))

The particular case a = —1 / 2 leads us to formula (6). Indeed, we have
J_1/2(72)

2 . n
-(;—;)—_IT=\/;COSTZ and _]k(—l/2)=(2k—1)§.

When a =1/2 we have
Jij2(12) _ \/_Z:Sinrz
(tz)'?  Vm 1z

and the formula (8) becomes

9) /_c:xzf(x)dx=§k§w (?)3(1‘1&) |

where f(x)= 0 (|x|7%), x — 00, § > 3. Replacing f(x) by

1 sin 7x 2
;(f(x)—fw)( ik )) ,

where f(x) can be supposed to be even, we obtain
% T kn
(10 [ rwax=2 % (%),
e k=—o00

where f(x) = O(|x|7%), x = +oo, § > 1. Up to a translation, this formula
is equivalent to (6).
By considering a function of the form
Jo(12)

f(Z)=F(Z)m,

we obtain the following corollary of Theorem 1.
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Corollary 1. Let R(a) > —1. Forall F € B, such that F(x)= 0 (|x|7%), x —
+o00, with § > R(a) + 1/2, we have

(1) F (’—T”l> ’2]: T Jm)/ X1 Jo(1x) <rf(-x;)'m - TZ(;’;L) dx.

Taking in (11) the function

Ja(72)

IR

we deduce the following property of Bessel functions.

Corollary 2. Let R(c) > —1. If m and [ are integers, then

> [0 (= i)
= [ xJi(x - — + - — | dx
2 Jo NG T GG )
_ { 0, l#m,
11, l=m
Note that the case / = m of (12) will be used in the proof of Theorem 1.
So, we shall need an independent proof (see Lemma 4).
When « = 1/2, in Corollary 2, we readily obtain the orthogonality property
[4] of the family

(12)

sinz(x —m)
{W . mGZ} .
namely,
® sinw(x —m) sinn(x-1[) , [0, l#m,
(13) /_oo n(x—-m) w(x-1I) dx_{l, l=m

It has been proved [5] that formula (10) is the unique quadrature formula of
the form

(14) / fdx= 3 A fx).

k=—o00

which is valid for all f € B,,. The nodes x; in (14) are completely character-
ized by an extremal problem: they are the roots of the function sin tx , which

minimizes the integral
oo 2
INGIES
—oo \ X

over a certain subclass of B;. The following theorem is the corresponding
(a = —1/2) uniqueness result for quadrature formulas of the form

o0 o0
(15) [+ feydx = Y h S

0 k=—o00

Observe that if o is not real then the uniqueness does not hold. The formula

(8), when « isreplaced by @, is still valid for the same class of functions. To see
this we need only to replace f(z) by f(Z) and to observe that j,(a) = j ().
Therefore, we assume that the sequence x;, —oo < k < oo, in (15), is a
sequence of distinct real numbers without an accumulation point in R. We
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assume also that one of the nodes is a zero of J,(tz). We associate, with every
quadrature formula of the form (15) and every zero j, of J,(z) (which has
only real zeros for a > —1), a class of entire functions w with the following
properties:
(i) weB;,

(il) w(x)eRforxeR,

(ii) w(x) =0 (|x|7*73/2), x - *o0 ,

(iv) @(xx)=0,k#m,

(V) @(m/7)=1.
Here the nodes x;, —oo < k < oo, have been ordered such that x,, = j,,/7.
We call every such function @ a nodal function.

Theorem 2. Let o > —1. Among all the quadrature formulas of the form (15)
having w(x) as nodal function, only one is valid for all f € By, satisfying
f(x)=0(x|"%), x - oo, & > 2a+2. This formula is (8), and the associated
nodal function is ‘ Jfex)
 _Im o(TX
0e(X) 3= Fi X ex — )
Moreover, @, minimizes the integral

/oo x2 N (@?(x) + w*(—x))dx ,
0

over all nodal functions @ .

3. AUXILIARY RESULTS

For every entire function of exponential type satisfying certain conditions at
infinity, we have the classical sampling theorem, namely
= kn\ sintx
16 = I RV il )
(16) = ¥ ok () SR

k=—00

Integrating formally both members of (16), we obtain formula (10) but only for
f € B, . In order to prove a result valid for f € B,;, we use an extension, to
entire functions of exponential type, of formula (3). This extension (see Lemma
3, below) is a generalization and a refinement of (16).

From now on we may suppose 7 = 1. We need first a technical result.

Lemma 1. Let z = Re'® be a complex number on the circle |z| = R := Nm +
R(a)m/2 + n/4, where N is a large positive integer. There exists a positive
constant C(a) such that

C(a) R|sin 6|
(17) |Jo(2)] > TR e , 8] < =m.
Proof. Obviously, we may suppose R(z) > 0. In view of the asymptotic ex-
pansion

2 n7n
(18) Ja(z)=,/-n-z—cos(z-az—z)(uoqzrl)),
it suffices to prove that
T n R|sin 6|
(19) ’cos(z az 4)|>K(a)e .
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Let x = Rcosf, y=Rsinf, u=x—R(a)n/2—n/4 and v = y—-S(a) /2.
Note that
A .
cos (z —az - Z) = cos(u + iv) and
|cos( + iv)|* = cos® u + sinh*v.

Let Ry := kn+ R(a)m/2 + /4, X} := Ry — /2 and yp := S(a)n/2. For
1 < k < N, consider the two arcs of the circle |z| = R inside the strip x; —
/2 < x < x;+m/2. Suppose that z = x+1iy is on an arc for which x; —7n/2 <
X < xx+m/2 and |y — yo| > n/4. Using (20), we have

(20)

T w2 2 .2 .2 1—e-n2\* 200
ICOS(Z_O‘E_X)’ = cos“ # + sinh“v > sinh”“ v > — eVl

whence

_r_T R|sin 6|
(21) ’cos(z as 4)’>Cl(a)e .
If z=x+iy isonan arc for which x;—7/2 < x < x;+x/2 and |y—yo| < n/4,
then |x — x;| > 4/72/16 —v2 (recall that N is taken sufficiently large). But
|x = x¢| =|u—kn+mn/2| <m/2,and so
/4 7\ |2 _ 2 S92 .2 [ )
‘cos(z az 4)’ = cos“ # + sinh” v = sin (u—kn+ 2) + sinh“ v
2

= sin® |x — x| + sinh® v > sinz( 71t_6 -2 ) +sinh?v =: A(v).
The function e~2/?l A(v) is a positive continuous function in the closed interval
[-m/4, n/4]. Thus, it has a positive minimum in that interval, say D. It
follows that

T

(22) lcos (z - a% - Z)’ > VDel’l > Cy(a)eRsinl | 0

We shall also need the following result, which is a simple variant of [3, Lem-
mas 1 and 2].

Lemma 2. Let f € B, suchthat f(x)= O (|x|™°), x — +oo. If R — o0, then
we have, uniformly for |6| <,

. oR|sin 6|
(23) fRe) =0 ()
Moreover,
(24) fx)=0(x"%),  x— oo,

Lemma 3. Let R(a) > —1. For all f € By such that f(x) = O(|x|™%), x —
+oo , with d > 2R(a) + 1, we have

(25) f)= > [Ak(x) fUi) + Be(x) (i)l »

=—00
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where
. 20+ 1 . Jie Ja(x) :
(26) Ar(x) = (1 + T (x —Jk)> (xa Jé(l}k)(x—jk))
and
o 2
27) By (x) :== (x = ji) (xa J/J(kjk) ((;f)_ jk)) :
Proof. Consider the integral
1 2% f(z)
(28) In(x) =55 fc GonRE

where Cy is the circle |z| = R:= Nn + R(a)n/2+ n/4. As remarked before,
the function J,(z)/z“ is entire. Using Lemmas 1 and 2, we have, for large R,

n R2R(a)+1 Rei?
|IN(X)| < 1 / . lf( e )| 5 do < K(a, x) R2R(@)+1-8

2 —n |Re’0 —xl Ija(RetG)l
Thus,
(29) fim Iy(x) =

N—oo
On the other hand, using the residue theorem, we have
(30) I(x) =Res(z=x)+ Y Res(z=j),
ljkl<R

and the result follows after a few calculations by letting N — oco. O

The following properties of Bessel functions will be used, in conjunction with
Lemma 3, to prove (8).

Lemma 4. Let R(a) > —1. For any zero ji of J,(2)/z*, we have

oo 2
(31) A ifidx_o
and
o I I
(32) [Txne (4 o) dx =2

Proof. Let R > ¢ > 0. First we prove (31). We consider the curve I" which is
the union of the two intervals [-R, —¢], [¢, R] and the two semicircles C,,
Cr, where Cs:={z:|z| =J and I(z) > 0} . We have

(1)
33 iiiﬂiiﬂd -0,
(33) ¢ s
where .
H(z) = Jo(2) —e7 " Ju(2)

isinan
is a Bessel function of the third kind, with the usual interpretation when o is
an integer. From (33), we obtain

—&

R
(34) F(x)dx + F(z)dz+/ F(x)dx+ | F(z)dz=0,
—R Ce e Cr
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where .
2 Jo(2) H(2)
22—t

On C; we have |z| = ¢; since lim,_o J,(2)/z% = 1/(22T(a+1)), we obtain,

if a is not an integer,
|F(2)| < Ki(a) & + Ky () g 2R,

When o = n is an integer, we need to use, in addition, a representation formula
for Hﬁ”(z) ; we have H,(,')(z) = Ju(z)+iY,(z), with

z S (n—k—1) [z\2%-n
7 Yy(2) =2(y+1n E) J(z) - ) (E)

F(z):=

= K!
_°° (=1)% £2x+n
(35) l;)x!(n+x)! (2)
x l+_1_+...+_1_+l+l+...+ 1
1 2 k 1 2 n+xk/)’
We obtain

|F(z)| < K3(a) e+ Kq(a) e'?%@ |Ing]|.
It follows that

(36) lir% F(z)dz=0 for R(a) > -1.
&— Cz

On Cg we use the asymptotic formula (18) and

H{(z) = \/;—2; ei(=23-1)(1 + O(|z|™1))

to obtain Ks(a)
a
|F(z)] < —;{2— .
Thus,
(37) lim / F(z)dz=0.
R—o0 Cr
Also, using HV(x) — e™ H{) (= x) = 2J,(x) , we get
—& R R R Jo%(x)
F(x)dx+ [ F(x)dx= | (F(x)+F(-x))dx=2[ x——5dx,
-R e € e X =Ji

and so (31) follows from (34), (36), and (37).

Now we prove (32). We need to distinguish two cases according as j, is real
or not. When j, is not real, we consider the contour I' defined in the proof
of (31). Only one zero, j;, or —ji, is inside I'. Thus, by the residue theorem,

R (1) 1 1
om0 fr”"(z) H7(2) ((z T (z+jk)2) dz

. . . . . J—a(jk) 2
= ! (1) = ! T o=
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since
(38) Ja(2) J-a(2) = JLo(2) Ju(2) = 2S;znzan '

The integrals along C, and Cr tend to zero, as ¢ — 0 and R — oo the
argument is analogous to the one used to obtain (36) and (37). Hence, using a
decomposition of the form (34), we get

L[ () H{(x) = Jo(=x) H{ (=x)) ((x —ljk)2 T +ljk)2> dx= 7‘% ,

27i J,
which readily gives us (32).

Now we suppose that j, is real. Consider the curve I'; obtained from I" by
replacing the interval [—ji —d, —ji +6] by the semicircle C; s = {z: |z+ji| =
0 and S(z) > 0}, where ¢ is sufficiently small. We have

2z Jo(z) HV(2)
39 Fi(z)dz=0, where Fi(z) .= ————~
(39) I, 1(2) 1(2) (z + jk)?
It follows that

(40) /__jk_aFl(x)dx+ [ Fl(z)dz+/

0 00
Fl(x)dx+/ Fi(x)dx =0.
0

—Jjk+0
Similarly,
0 Jk—0 )
(41) / Fy(x)dx +/ Fy(x)dx +/ Fy(z)dz +/ F(x)dx =0,
—o0 0 G5 Jkté
where
(1)
F(z):= 2 Ja(2) Ha (2) and C.s={z:|z-ji| =0 and 3(z) > 0} .

We add (40) and (41) to obtain

Jk—90 00
0= / (Fi(=x) + F(x))dx + / (Fi(=x) + F>(x))dx
0

(42) It
+/ (Fi(x)+ Fx(—x))dx + Fi(z)dz + F(z)dz
0 Cis G5
whence
Jk—90 2(y 0o 2
0= 2/k Ja( dx+2/ xﬂ;dx
(43) (x - ]k v (X —Jk)
+2/ Jal¥) 5 dx + Fi(z)dz+ Fy(z)dz.
( +.]k C],a CZ,J

Taking the limit as § — 0, we get

oo 1 1
0=2/0 * Jx ) ((X—fk)2 - (x+jk)2> e

Fz(z)dz) .

(44)

+ llm ( Fi(z)dz +
—~0\Jc s G5
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It remains to evaluate the last limit. We have, if o is not an integer,

(151_%( - Fl(z)dz>
(—jk +de')

0
T .
EERT . 0\ Ya . 9
=i (15133/1[ (i +0ei®) I CE 2 HO (—j + 3e) db
Jo(=Jk) J=a(=Jk)

in i Jo(—jx) HO (= jik) = 7 ji

sin ax
=-nj Jolz(.]k) J—a(.jk)
k sinazw
and
1A

lim ( Fz(z)dz) = g, Jali) J-allid)

-0 \JG, 5 sinan
Using (38), we readily obtain

lim Fi(z)dz+ | Fy(z)dz)|=-4,

d—0 Cis G s

and (32) follows from (44). When « is an integer, the function Hél)(z) has to
be replaced by its limit. O

4. PROOFS OF THE THEOREMS
We may obviously suppose 7=1.

Proof of Theorem 1. Using Lemma 3, we have

fx)+ f(=x) = Z (A (x) + A (=)).f (i) + (Bi(x) + Bi(=x))S"Uie) »

kA0
that is,
hnd e J2(x) 1 1
SO+ S0 = X GG (= G 70
k#0
= i J2(x) .
(45) + 2 20a+ Dty i p /U
k#0

o0 12a+l JZ( ) ,
2 g s~ U

Multiplying by x2e*! and integrating, we obtain formally the formula (8) with
the help of Lemma 4. Hence, it remains to justify the interchanges of the order
of integration and summation. First observe that, in order to prove formula
(8), we may assume

(46) f(x)=0(x|"%), x— %00, d>2R(a)+6.
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Indeed, if f(x) = O(|x|™%), x — oo, with only 6 > 2R(a) + 2, then the
functions

(74

satisfy the hypothesis of Theorem 1 with 7 replaced by 7+2¢ and ¢ > 2R(a)+2
replaced by J > 2R(a) + 6. Thus,

. 4
g(2) = (S“‘”) fz), e>0, feBu,

x2otl (8e(x) + g:(—x))dx

e 228)2a+2 E (J'J(§k>>2 (ge (r_ik_zs) T ('r -{kzs)) '

The passage to the limit as ¢ — 0, in (47), is easily justified using

jk _ (T+28)‘S)
4 oot -o(52).

Now we must prove, in particular, that

(47)

sinéex
&x

00 0o 2a+1
[ 2 aghe B2 i | ax

2 PTG x -
(48) P
_ 2(1+l , xjg(x)
Z J,J)Zf( )/ xz_jlzd.x.
;e

The other interchanges could be proved, with a slight simplification, as is done in
the following argument. In view of Lebesgue’s dominated convergence theorem,
it suffices to show that there exists an integrable function G(x) such that

Jlga+l XJZ(X
(Ja(i))?

f’J)

(49) i A(x) < G(x), where Ax(x):=

k=—o00
k#0

For small values of x, we use J,(x) = O (|x|[®®) as x — 0, (24) and the
hypothesis (46) to obtain

oo

3 hi(x) < Ki(a) x2R@4

k#0

For large values of x, we write

(50) Yo h(x)=h+L+1s,
“ezo”
where

L= &(x), L= Z A(x) and Iy:= ) Ak(x)

lel<3 <lil< <l
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We have, for x/2 < |ji| < 3x/2,

J2(x)
X2 — ]]% S Cl (a) s
which follows from .
Jo(x) = Ji(u)du
=+

and the asymptotic formula

Jy(u) = —\/% sin (u - ag - %) (1+ O(|u|™Y)

Thus, using also (46) and (24), we obtain

Cl (a) a a) a)+5— CZ(a)
1'2 < e Z |J |2§R )+2—0 3 Z |2§R( )+5-9 < T
$<liel<¥ z;(‘)’o

In order to obtain an upper bound for I; and I3, we use (46), (24) and the
above asymptotic formula for J, . We get

2R(a)+2—6 4C o Cola
I < C3() z |Jk| 3 ) Z L [PRG@+2-8 < L4l 4()

2 - 3
PPt = |Jkl S
and
[aPR@2=0 4C5(a) < | pm@e2-s ~ Cs(@)
I3SC5(01) Z |jk|2_x2 Sg x2 Z ’.]k’ (@)+ S XZ .
<l kz;(‘)”

From (50), we deduce that

for large values of x. O

Proof of Theorem 2. Consider two quadrature formulas of the form (15) with
nodal functions w;(x) and w,(x), respectively. Suppose w;(x) Z w,(x), and
let A(x) := wi(x) — wy(x). The function A(x)w;(x) is in B, and vanishes at
the nodes x; (including k = m ) associated with the quadrature formula with
w1(x) as nodal function. Moreover, h(x)w;(x) = O(]x|72*73), x — *oo.
Therefore,

(51) /oo x2+ (h(x) 0 (x) + h(=x) @1 (—x))dx = 0.
0
Since A(x) # 0, we have

/oo x2+L (h2(x) + h?(=x))dx > 0,
0
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and so, using (51),

(52) /Ooo x2+ (w3(x) + w3(—x))dx > /Ooo x2+ (@2 (x) + wi(—x))dx.

Considering, instead of A(x)w;(x), the function A(x)w,(x), we are led
similarly to

(53) /0 " x2 (@3(x) + w0 (—x)) dx > /0 " X2 (d(x) + @d(—x)) dx

which contradicts (52). Thus w;(x) = w,(x).
Since w.(x) is the nodal function associated with (8), we deduce, by the
same argument, that

/ x¥+ (?(x) + w?(—x))dx > / x2t (@} (x) + wi(-x))dx ,
0 0
for all nodal functions w(x) # w.(x) . O

5. REMARKS AND EXAMPLES

5.1. Theorem 1 does not remain valid for the class B, if ¢ > 27. Any
function of the form

() = Jo(12) Ja(12) (J,,/z (%Z))2 ’ n.e>0.

za za zn/?

is a counterexample. The function f, is in the class B, . and fi(x) =
O (|x|7%) , x — *oo, with § = 2R(a) + 2 + . The summation in the right-
hand member of (8) is clearly zero, but the integral of the left-hand member is
positive, since

F0) = |2 (T (ex/2))?
T xa xn/2 ’
5.2. The hypothesis d > 2R(a)+ 2 cannot be relaxed in Theorem 1. Consider
the function Ju(22) Jurs(12)
(t2) Jup1 (T2
fulg) = et

This function is in the class B, and fi(x) = O(|x|7%), x — oo, with
0 = 2R(a) + 2. The summation in the right-hand member of (8) is clearly
zero but, for R(a) > -1,
/ x¥HL(f(x) + fi(=x))dx = 2/ Jo(1Xx) Jps1(zx)dx = %
0 0
5.3. When o« = m + 1/2, where m is a nonnegative integer, the functions
Jo(z) take the following explicit form:

2 1 d\"™ /si
Imy12(2) = \/?sz (_E E) (sn;z) ‘

In the case m = 1, formula (8) becomes

(54) [ xtrmax=2E 5 aaiyr (L),

where f € B,, satisfies f(x) = O(]x|™®), x — oo, with § > 5 and r,
—o00 < k < o0, are the roots of the equation tanx = x.
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5.4. Let /3
o V2jmJa(2)
Pm(z) 1= ;‘;(—ng—:?nj .
If we take, in Theorem 1, =1 and f(z) = ¢m(z) ¢;(2), then we obtain
0 0 [ #m
2a+1 _ ’ >
(59) [ et onmoax={ 7"

In other words, the family {¢,, : m = +1, £2, ...} is orthonormal on [0, c0)
with weight function x2°+!,
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